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Introduction

THIS Note deals with the determination of the fun-
damental frequency of the transverse vibration of

nonuniform beams with one end elastically restrained against
rotation and carrying a mass M at the free end. It is also
assumed that the structure is subjected to an axial force F, see
Fig. 1.

The analysis is developed by means of the Ritz method on
the basis of classical beam theory. Two situations are con-
sidered: 1) a linearly tapered beam (Fig. la), and 2) discon-
tinuous variation of the cross-sectional area and moment of
inertia of the structural element (Fig. Ib).

A review of the recent technical literature reveals that these
two cases have not been extensively studied.1"3 No claim of
originality is made, but it is hoped that design engineers will
find the present approach and results useful in their work.

Analysis of the Problem
Linearly Tapered Structural Element

The thickness h and the width b at a position x along the
linearly tapered beam as shown in Fig. la are given by the
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Then, the cross-sectional area A and the moment of inertia /
result in

A=A0(dx+l)(yx+l), I=I0(yx+l)(dx+l)3

where

x=x/L, y = a-l, b = $-l, A0 = b0h0, and I0 = b0H3
0/12

with
a = b}/b0 and /3 = h]/h0

(width and thickness ratio, respectively).
In order to obtain an approximate solution by the Ritz

method one minimizes the functional, /[ W] = C/max - Tmax
with respect to the arbitrary constants contained in the ap-
proximating function (£/max = maximum strain energy,
rmax = maximum kinetic energy).

When determining the fundamental mode of vibration, it is
convenient to use the approximation4

+ C](a41x5 + a3Ix4 + CL21X3 + oLUx2 +a01x) (1)

which satisfies the boundary conditions,

W(l)=0 (2a)

(2b)

(3a)

(3b)

x=i L dx2 x=i

tfw
= 0

dx3 \*=o = 0

Equation (3b) does not take into account the existence of
the concentrated inertial force. This approximation con-
siderably simplifies all calculations.

Replacing Eq. (1) in the functional and minimizing it with
respect to C0 and C; one obtains, from nontriviality con-
siderations, a frequency equation of the type

C7,(co) C72(co)

C2 /(w) C22(co)
= 0 (4)

b)
Fig. 1 Vibrating structural elements under study: a) beam with
linearly tapered cross section, b) case of discontinuous cross section.
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Table 1 Values of fttf = V ' (pA0/EI0)u0L2 for a beam of constant cross section (a = ft = 1) as a function
of * ' = (<t>jEI0)/L and v = M/MV(FL2 /EI0 = 0)

V0\
0

0.2

0.4

0.6

0.8

1

0
3.53
3.51
3.51

2.62
2.61
2.61
2.17
2.16
2.16

1.88
1.88

1.70
1.70
1.70

1.55
1.55

0.2
2.64
2.61

—
2.01
1.99
—

1.68
1.67
—

1.47
1.46

1.32
1.32
—

1.21
1.21

0.4
2.20
2.17
2.16

1.69
1.67
1.67

1.42
1.41
1.40

1.24
1.24

1.12
1.12
1.12

1.03
1.03

0.6
1.93
1.89

—
1.49
1.47
, —

1.25
1.24

—
1.10
1.09

0.99
0.98

—

0.91
0.91

0.8
.74
.70

1.70
1.34
1.32
1.32

1.13
1.12
1.12

0.99
0.99

0.90
0.89
0.89

0.82
0.82

1
1.59
1.56
—

1.23
1.21
—

1.04
1.03
—

0.91
0.91

0.83
0.82

—

0.76
0.75

2
1.19
1.16
1.15

0.92
0.91
0.90

0.78
0.77
0.77

0.69
0.68

0.62
0.62
0.61

0.57
0.57

Observa-
tions

1 term
2 terms
Exact

Table 2 Fundamental frequency coefficient Q0 = \i(pA0/EI0}u0L2 of a rigidly clamped beam with continuous variation
of the cross section (a = ]3 = 1.2)

,̂ §>5
0
0.2
0.4
0.6
0.8
1
2

1

1 term-^^
7.89
6.03
5.06
4.44
4.01
3.68
2.76

10
2 terms

7.84
6.02
5.06
4.44
4.01
3.68
2.75

1 term
5.05
3.85
3.23
2.84
2.56
2.35
1.76

1
2 terms

5.00
3.77
3.14
2.75
2.48
2.27
1.70

1 term
4.62
3.52
2.96
2.60
2.34
2.15
1.61

0
2 terms

4.54
3.40
2.84
2.49
2.24
2.05
1.53

1 term
4.39
3.35
2.81
2.47
2.23
2.05
1.53

-0.5
2 terms

4.27
3.20
2.67
2.34
2.10
1.93
1.44

1 term

4.15
3.17
2.66
2.33
2.11
1.93
1.45

-1
2 terms

3.99
2.99
2.49
2.18
1.96
1.80
1.34

Table 3 Fundamental frequency coefficient fi0 = ^(pA0/EI0)o>0L2 of a rigidly clamped beam with discontinuous variation
of its cross section (A 0 /EI0 = 0.8,10 /// = 0.64, a/L = 0.5)

I>=M/MJ;^^
0
0.2
0.4
0.6
0.8
1
2

1
1 term^^
7.93
5.96
4.97
4.36
3.92
3.60
2.69

10
2 terms

7.39
5.76
4.86
4.29
3.87
3.56
2.67

1 term
4.83
3.63
3.03
2.65
2.39
2.19
1.64

1
2 terms

4.58
3.49
2.93
2.57
2.32
2.13
1.59

1 term
4.35
3.27
2.73
2.39
2.15
1.98
1.47

0
2 terms

4.10
3.12
2.61
2.29
2.06
1.89
1.42

1 term
4.09
3.08
2.57
2.25
2.03
1.86
1.39

-0.5
2 terms

3.83
2.91
2.45
2.14
1.92
1.77
1.32

1 term

3.82
2.87
2.39
2.10
1.89
1.73
1.29

-1
2 terms

3.54
2.68
2.24
1.97
1.77
1.63
1.21

The lowest root of this determinantal equation constitutes
the fundamental frequency parameter

Discontinuous Variation of the Cross Section (Fig. Ib)
The procedure is the same in this case. It is convenient to

define the parameters,

A0 = b0'H0, A1=brh], I0=(b0'h3
0)/12

I1 = (brh3
1)/12

Numerical Results and Conclusions
The algebra involved in the determination of the frequency

equations is quite simple, but the details are not included here
since the expressions are quite lengthy.

On the other hand, the present study contains frequency
parameters 00 for a convenient combination of geometric and
mechanical parameters. It was also decided to compute
buckling loads by setting the frequency coefficient equal to
zero in the determinantal equation and then evaluating
Pcr = —F. This was done in order to check the accuracy of the
procedure. J

Table 1 shows the value of Q0 in the case of a beam of
constant cross section in the absence of an axial force. The

JThe buckling loads are already available in the literature.5 If the
values computed following the present approximate procedure are, at
least, in fairly good agreement with the exact results available in the
literature it seems reasonable to expect that the frequency values
determined as a function of an applied axial force will possess suf-
ficient engineering accuracy. The agreement was good for all of the
cases considered.
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two-term solution yields a fundamental frequency value
which is in very good agreement with the one obtained in
Refs. 6 and 7 (even the result obtained by means of a one-term
solution possesses good engineering accuracy).

Table 2 presents values of ®0 for the linearly tapered beam
(a = (3 = 1.2) rigidly clamped W>'=0) for various axial force
parameters and mass ratios v = M/Mv. For v = Q the results
are in good agreement with the frequency values available in
the open literature.8

Table 3 contains values of Q0 in the case of a structural
element with discontinuously varying cross section.

Judging from the accuracy attained in those cases where
exact values are available, it seems that the present approach
yields useful results when an engineering answer is needed. An
inherent advantage of the methodology is the fact that it can
be easily implemented on a desk computer.
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Parameters for the Simulation
of High Temperature Blown

Shock Layers
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Introduction

FOR the Galileo mission to Jupiter, the massive-ablation
injection rates (from the probe's forebody heat shield)

driven by radiative heating from the high-energy shock-layer
gases create a unique flowfield environment.1 Such an en-
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vironment is very difficult to simulate in a ground-based
experimental facility. Since all conditions can not be
duplicated, care must be taken in what quantities are
simulated in an experiment. Holden's2 recent work is one of
the few experiments applicable to the problem. In this study,
he attempted to duplicate a few of the aspects of the entry
environment for the stagnation region of the Galileo probe.
This work presented many interesting results on the structure
and stability of the shock layer over a hemispherical nose-tip
body at blowing rates of 0<pwvw/p00u(X <0.7 using CF4 as
the principal injectant. Here, pw and px are the wall and
freestream values of the density, vw is the normal injection
velocity at the wall, and u^ is the freestream velocity. The
interpretation of Holden's results, however, requires an
analysis of the important parameters in a massively blown re-
entry flowfield. The present study explores the impact of the
ratios of injection-to-freestream velocity ( v w / u ( X ) , wall-to-
freestream density (P^/POO ), and the shock-layer to ablation-
layer gas temperature ( T S / T W ) in simulating the high-
temperature blown shock layers. The roles played by these
ratios are considered quite important. For example, a larger
value of the injection velocity for a given injection rate implies
a greater boundary-layer thickness. This, in turn, would
entrain more of the high-temperature, radiating gases in the
outer portions of the shock layer. These gases would be
brought into the lower regions of the shock layer by turbulent
diffusion, resulting in higher temperatures close to the body
surface for a prescribed surface temperature. Similarly, using
a smaller outer shock layer to wall temperature ratio (TS/TW)
would affect the boundary-layer thickness and entrainment
rate.

The purpose of this Note is to evaluate the importance of
the velocity, density, and temperature ratios outlined in the
previous paragraph. In order to keep the analysis simple, only
perfect-gas results'for a hydrogen-helium atmosphere are
obtained here.

Analysis
For the purpose of analysis, the time-dependent viscous-

shock-layer equations of motion3 for a perfect-gas mixture
for turbulent flow have been considered. With these equations
no-slip boundary conditions are used at the surface and the
wall temperature is assigned a constant value. The surface
mass injection rate is specified either as a constant value or
varied according to the distribution of Fig. 1. The boundary
conditions at the shock are calculated by using the shock
relations. A two-layer eddy-viscosity model4 consisting of an
inner law based upon Prandtl's mixing length concept and the
Clauser-Klebanoff expression for the outer law is used in the
present investigation.

The solutions to the governing equations have been ob-
tained by a time-asymptotic two-step finite-difference method
due to MacCormack.5 The details of the vectorized code are
given in Ref. 6 and the results have been obtained on the
CYBER 203 computer.

Results and Conclusions
As pointed out in the Introduction, the primary purpose of

this study is to evaluate the importance of velocity (v^/u^),
density ( P W / P O O ) , and shock-layer to ablation-layer gas
temperature ( T S / T W ) ratios for the simulation of high-energy
blown shock layers. In particular, the role played by these
parameters is studied as to their influence on the entrainment
of high-temperature outer region gases since this significantly
changes the chemical composition and temperature
distribution through the shock layer and, in turn, controls the
transport of radiative energy to the probe surface.

In this study, attention has been focussed on the spherical
portion of the probe. In order to obtain results over a large
part of the curved surface, the probe shape with a small half-
angle as shown in Fig. 2 has been studied. (Nomenclature used


